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ABSTRACT proaches can be broadly classified into block based SSTA[13, 4, 1,
9, 6, 17] and path based SSTA [14, 2]. A path-based SSTA requires
enumeration of an exponential number of paths, therefore, block-

il ; ot ; based SSTA is considered to be a more efficient technique. Among
rocess variability. For computing the statistical max of two arrival s .
b Y puting these, the analyticdl methods, presented in [3, 6, 17], appeal to

time probability distributions, existing analytical SSTA approaches < ) -
use the results given by Clark in [8]. These analytical results are 2© tlhe more_pronfnsmg approacﬂes forr1a (_:omputatlonall_lly efficient
exact when the two operand arrival time distributions have jointly implementation of SSTA. In 3], the author introduced a linear time

Gaussian distributions. Due to the nonlinear max operation, arrival ana}IytlcaI SSTA algqnthm assuming uncprrelated normal ré?”dom
time distributions are typically skewed. Furthermore, nonlinear de- variables for delay distribution. Using a first order parametric de-

pendence of gate delays and non-gaussian process parameters al m_od.el, a method for ha_ndllng cor_relatlons in global sources
make the arrival time distributions asymmetric. Therefore, for com- ©! Variation due to both spatial correlation and path reconvergence
puting the max accurately, a new approach is required that a(:counts‘ll_"kas preslen’FedI in [6, 17]i Tfhelr _SS-I_-A algorr]lthrr;]lncluded ahPERdT-
for the inherent skewness in arrival time distributions. In this work, Ihe top‘? ogica tr.awlerlsa %, a _(t:)'rc,u't graph, w e(;g at eac fnoh N
we present analytical solution for computing the statistical max op- the maximum arriva time distribution IS com_pute_ In t'?”“_s O_t e
eration. First, the skewness in arrival time distribution is modeled Parametric delay model. For propagating arrival time distributions,

by matching its first three moments to a so-called skewed normal one needs to com_pute th_e sum and the maX|mum_of two arrival
distribution. Then by extending Clark’s work to handle skewed time f"‘t egch noc_ie In the circuit graph. The com_pL!tatlon of the sum
normal distributions we derive analytical expressions for comput- fUnction is relatively simple; however, the statistical max of two
ing the moments of the max. We then show using initial simulations CO'"élated arrival time variables is non-trivial. o
results that using a three moment based max operation can signifi- 1€ Max operation in existing SSTA approaches is invariably

cantly improve the accuracy of the statistical max operation while based on analytical results given in [8]. Clark derived analytical
retaining its computational efficiency. expressions for finding the moments of the max of two correlated

normal random variables and an expression for computing the cor-
relation of the resulting max with any other jointly normal variable.
1. INTRODUCTION The Clark’s max results are exact when the two operand random
Process control precision is worsening with continuous process variables have a bivariate normal distribution. However, the result
scaling due to smaller dimensions, smaller number of doping atoms Of the max of two normal variables is typically a positively skewed
and aggressive lithographic techniques. This results in an increasenon normal distribution. Skewness is a statistical parameter used
in process parameters fluctuations, that causes variations in electri{0 describe asymmetry in a random variables probability distribu-
cal characteristics of transistors and interconnects. These variationdion. A probability distribution is said to have positive(negative)
in electrical characteristics of circuit components affect timing and skewness if it has a long tail in the positive(negative) direction (see
result in chip operating frequency variation. Traditionally corner Figure 1). Both the above mentioned analytical approaches [6, 17],
based static timing analysis have been used to guard against yieldiSe these expressions for computing the moments of statistical max
loss resulting from these variations; however, with increasing num- of two arrival time random variables. Unfortunately in SSTA, the
ber of sources of variation, corner based methods are becomingasymmetric non-normal arrival time distributions resulting from the
overly pessimistic and computationally expensive. max operation performed at one node are inputs to the max opera-
An alternative approach, namely, statistical static timing analysis tion which is needed to be performed at a downstream node. Addi-
(SSTA) has emerged as a possible solution for statistically quan- tionally, variations in interconnect and few process parameters also
tifying the variability in timing performance. Existing SSTA ap- have asymmetric non-normal distributions [19]. However, existing
analytical SSTA approaches have to approximate the non-normal
arrival time distribution with a normal distribution for applying
Clark’s max. The error of this approximation increases when the
difference of the mean relative to the standard deviation decreases
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Statistical static timing analysis (SSTA) is emerging as a solution
for predicting the timing characteristics of digital circuits under




means of their output arrival time distributions and arrival time dis- (a) Positive Skew (b) Negative Skew
tributions at common internal nodes will be closely aligned with
each other. Therefore, in such a case Clark’s max based SSTA
methods may result in inadequate accuracy, in particular, for power
optimized designs having a large number of nodes with zero or
small slack. Recently, SSTA algorithms using higher order nonlin-
ear parametric delay models with non gaussian distributions were
proposed in [7, 12, 18, 19]. However, for computing the max op-
eration, these approaches either use numerical techniques and/or Figure 1. Examples for Asymmetric PDFs
employ the Clark’s max requiring normal approximation. A condi-
tional max based heuristic analytical method was presented in [19]
where the max operations is postponed until the two arrival time where,I(_ . ,,j(z) andI, )(z) are the Indicator functions:
distributions are skewed.

In this work, we extend Clark’s max approach and give analyti- La(z) = { 1 ifze A
cal results for computing an improved approximation for the max- 0 otherwise.
imum of a set of asymmetric random variables by preserving the
first three moments. The problem of computing the max of a fi-
nite set of random variables has been well studied. Several ap-
proaches derived Clark’s results using different methods [11, 5].
In our method, given the first three moments of any asymmetric
distribution, we give analytical expressions to map it to a skewed
normal (explained later) representation having same moments. We 2 (x — p)
then derive analytical results for computing the moments of the (@) = oL+ o {d’( )
max of two correlated skewed normal distributions. The derivation
is similar in spirit to Clark’s approach, although it is more general + ¢(u)1’(um)(m)} ,
since we can compute the moments for a bivariate skewed normal Or
random variables. where,

The rest of the paper is organized as follows. In Section 2 we
explain the skewed normal distribution and give analytical expres- o =72 and o, =o7.
sions for computing the parameters of a skewed normal distribution
from the mean, variance and skewness of arrival time distribution.
A bivariate skewed normal distribution and the derivation for the
proposed max operation are given in Section 3. In Section 4, we
give numerical results illustrating the efficacy of the proposed max
operation. Section 5 concludes the paper.

For a skewed normal distribution, we can observe that scaling
variable x corresponds to an inverse scaling of the standard de-
viation o around its mean. Thereforg, () can be alternatively
written as

I
o1 (—oo,u] (z)

Note that the resulting skewed distributigh(x) has a func-
tional form similar to the original non-skewed distributigt). If
the skewness parametgiis greater(less) than unity thely (z) is
positively(negatively) skewed. Far= 1 we get back the original
symmetric normal distribution. Furthermorg,(z) is both contin-
uous and differentiable and is completely defined by only three pa-
rametergu, o and~y. These were the key appealing properties that
2. MODELING SKEWNESS motivated us to use this representation for deriving the proposed

Arrival time distributions and circuit delay distributions are typ- Max operation.
ically positively skewed, due to the nonlinear max operation and ~ EXISting SSTA approaches model and propagate only the mean
nonlinear dependence of delay on process parameters. We neednd variance of the arrlval tlme dlstrlbutlon. For improving the ac-
an analytical representation that is flexible enough to capture the curacy of SSTA algorithm, in addition to the mean and variance,
skewness in asymmetric arrival time distributions and at the same W€ Wish to propagate the skewness in asymmetric arrival time dis-
time be of the functional form which allows analytical derivation ~tributions. In such an SSTA framework, the input parameters of the
of the statistical max operation. After studying several skewed rep- Max operation will include mean, variance and skewness of the two
resentations, in [10], we found a general method for introducing input arrival tlme d!strlbqtlons a}nd their corrglatlon. We first want.
skewness into any unimodal symmetric distribution. Their basic {0 Map the arrival time distribution characterized by its mean, vari-
idea is to simply introduce inverse scale factors in the left and the @nce and skewness to a skewed normal distribyfign). Let ..,
right half real lines around the mean. Lgtz) be the normal dis- o~ andSk, be the given mean, standard deviation and skewness of
tribution with meary and variance given by a skewed arrival t_|me dlstrlbL_ltlon and o and~ are _the_ thrt_ae pa-
rameters that define the desired skewed normal distribytj¢n).
For finding f,, (z), we express the mean, variance and skewness of

f(z) = l¢(x — ”)7 whereg(z) = Lg%_ the skewed normal distribution as function of its parameters
g g V2m and+~ and then match these to the , o, and Sk, of a skewed
Using the method presented in [10], a skewed normal distribu- arrival time distribution to solve fop;, o and~. The analytical
tion £, () can be computed from the normal distributif), by expressions for meam, , variances> and skewnesSk., of f, (x)
scaling its left half and right half by factorsand its inversd /~, derived in terms of its parameteys,  and~) are given as follows:

respectively. This gives us the skewed normal distribution,

uv=u+\/%(v—%>0 (1)

T— 27(7r7472'y477r'y2+4'y2+7r72)02
o) o2 = L @
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Figure 2: The v parameter of f, (z) vs. Skewness$k-,

A oy Figure 4: Standard deviations of a bivariate Skewed Normal
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Recall that bivariate normal representation being symmetric will

Figure 3: Comparison between Skewed Normal distribution introduce errors in the computation of the recursive max operation
and Normal distribution for a typical Monte Carlos based Ar- for SSTA purposes. Therefore, similar to the univariate skewed
rival Time distribution. normal presented in the previous section, we add two inverse scale

parametersx and-~y for random variables{ andY” around their

respective meansx anduy for introducing skewness
The skewness of distribution defined by the ratio of the third
centered moment and cubed standard deviation is given by

1
F@D) = oy
\/5(1—72) W(’y4—3'y2+1)—4(72—1)2 T — uxX y—
Sk»y = ( 3 ) . ¢ ( O'X’;L k) yo_y'uy> I(foo,,u,x) (x)l(foo,p‘y) (y)
(r (' =2 +1)—2(y> - 1)*)2 - y ly
3 T—pX Yy — [
+ ) I—OO I Ly, 00

Fortunately, the skewnessk, (Eq. 3) is only a function ofy : ( oXi oy, ) (o) (2 iy 00) (0)
ar_ld is ino_lepe_ndt_ant of the_ other two para_me;eeenda. A plot of T — X y—py s ;
this function is given in Figure 2, where it can be seen that skew- + ¢ o, oy [#z,x)(fﬂ) (—o0uy) (¥)
nessSk. is a well behaved function and it monotonically increases !
with v. Therefore, for a giveisk., one can efficiently compute + 4 (Lﬂx’ LW) I (@)1}, oo)(y)>
either using pre-computed look-up tables or using numerical meth- OXy ay, pao0) ’

ods with very fast convergence. Usifgo~, andp., we can analyt-
ically solve equations 2 and 1 for parameterand ., respectively. 0

Thus given mean, variance and skewness of an arrival time dis- b) <'Y + W) <W+ W)

tribution we can easily map it to a skewed normal distribution. In

Figure 3, we show plots of a typical skewed arrival time distribution (VX _ 7) ( i) tan~! ( P ) .
approximated by a skewed normal distribution and normal distribu- vy V1= p? ’
tion. Itis evident that compared to existing normal approximations,

skewed normal is a much better representation that can accurately x, = 2X; oy, = Z; oX. =ox v%; andoy, = oy Y.
capture the inherent skewness in arrival time distributions. X ”

wherel’ =

J’_

Due to the correlatiow, the normalizing constant terin dif-
fers from the univariate case. We use this bivariate skewed nor-

3. SKEWED NORMAL MAX OPERATION mal distribution as a better approximation for modeling the jointly

Based on the skewed normal representation explained in the pre-skewed arrival time distributions. Figure 4 graphically illustrates
vious section, we now present the skewed normal max operation.how the two indicator functions partition th&, Y plane into 4
For analytically expressing the max function of two correlated ar- quadrants having different standard deviations around the mean
rival time random variableX andY’, we need to know their joint  vector(ux, ux). Letwv(i) be theit” moment of makX,Y') given
probability distribution function. In [8], the author uses the fol- by



(eroyT 17p2)n

Similar to [8], we first make the substitutian= - +
[e'e] oo . —py)oy,. (oY, —oXr _
oi) = [ [ (max(e,) f(00) dyda pry (220 and thenyux = iy + am.
— o0 oo
i ) 7n2 R n2
= z' fy(z,y) d(z,y) vy, (i) - _le*T / e T
om T m(oXr—ay,p)
(z,y)EX>Y oy,n/1—p2
+ }1{ y'f (z,y) d(z,y) NoXy0' 1—p2  moy,. (oY, — oX, !
v oyt YoV 1=02  moy, (oY, 2\ un
(z,y)EXSY a a
As shown in Figure 4 the regiall > Y gets further partitioned where,
into 4 sub-regions1, 2, 3 andzs where the sub-script denotes 9 5
the standard deviation quadrant and likewise, regior< Y gets a” = oX; + oY, — 2poX,0Y,
part'i;ioned into sub-regiong, y» andys. Therefore, we canwrite  Now note that form = oo, the random variablé&d >> Y and
thei™ moment of makX, Y') as therefore, atn = oo all momentsv, 1 (i) = 0. Using this obser-
vation one can express 1 (i) as follows:
3 4
)= wyi(0) + ) e ;i) 1 [ g2 o e
j; ; vy1(i) = T / e 2z (ny + kin+ kam)'e” 2 dndm  (4)
[ ksm

where, v, ;(i))anduv, ; (i) are thei™ moment of magz, y) in the

" quadrant. The complete derivation ofi) over all the seven where,
regions is too long and tedious. Therefore, in this paper we will , ~_ oX:0Y, /1 — p? oy — TV (oY, — 0%Xrp)
present the key steps encountered while deriving the expression for "' — a ’ : a ’
moments of sub-regiop; . The:™ moment of max, fo” > X in & oXr — OY,.p and (ux — py)

3 = = -

the 1% quadrant, is given as follows:

oy,\/1—p? a

For a given positive integer value of i, the above integral can ex-

vy (i) = / / i (L“X, M) dydz pressed in terms of well known special functions. For example the
Loxoy J,x oXr Y, first moment can be written as
Using the Lebnitz rule, we compute the partial derivativeof (i)
with respect tqux: W VT [ (k1 — kaks) ortc [ @ /k2+1
v =
o rV2\ EE+1 V2
8MX FJXJy px a,uX oX, ' oy, + e T k2 el’fc(kda> + #fyT(wksa)
(yﬂty \/i r
_ TYy ) 5
_72/ yle 20-7%) gy where, erf¢z) = 1 — 2 [ e™" dt is the complementary error
Loxoy/1 = p* Jux function andI'(z, y) is the Owen’s T-function [15], given by
We first change order of integration variables in the inner integral, 1 Y o—tatared)
e 2
T = = ——dt.
, (@,9) 7r /O 1412
Ovy1(i) / y e_(?/Q—(yA;}") h ial functi fe) and T(z, ) I
X — " e special functions erfe) and 7'(x,y) are commonly en-
s Loxoyy/1 = p* Jux countered while integrating univariate and bivariate normal distri-
(%—W)Q butions, respectively. Precise numerical tables or accurate closed
Y e 2(1-p2) form analytical approximations exist for both gf¢ and7'(z, y).
/ 3 dxdy As theT'(z,y) function was not readily available for ease of im-
X X plementation we used numerical integration to evalUate, y);
(y;yth)z however, for real SSTA implementation either numerical tables or
B Y e 2(1_702) d analytical approximations can be used [16]. Thus similar to [8], the
Toxoy/1— p2 Jux ye 4 moments of the max can be found in a computationally efficiently

) ) ] ] ~_ manner. Likewise, higher moments can also be found by evaluating
Now, the inner integral of the first term in the above expression is the integral given in Equation 4 at higher valuesiofJsing simi-

in an integrable form. We evaluate this integral and an additional |5 manipulations, the moments of max in all seven regions can be
term due to the integration cancels out the second term and givescomputed.

us the following simplified result.

. 4. NUMERICAL RESULTS
vy (i) _ / Jie - After deriving analytical expressions for the first three moments
oux rgxgy, /1 _ , we implemented the new max function in C++. Our goal is to
eventually use the proposed max operation in an SSTA framework.
Therefore, to emulate the actual use of the true statistical max oper-

e 2(1-02) dy ation in an SSTA framework, we collected a test suite consisting of

(%ﬂ_w)

r TYp
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skewed arrival time distributions by running 50,000 Monte Carlo

simulations on a small circuit. For each max operation performed, cases. Itis evident from this plot that the proposed skewed normal
the two input operand arrival time distributions and their resulting Max operation can significantly improve the accuracy of existing
maximum arrival time distributions were recorded. For compari- SSTA approaches. . .
function. The error in both the proposed max operation and Clark’s IS0 increases when the difference betweepanduy ., decreases.
max Operation is Computed relative to the Monte-Carlo results of We observed a similar trend in our simulation results. In Flgure 9

the output arrival distribution for each test case. we present error plots of percentage error in standard deviation of
Now for every test case, we computed the statistical parametersoutput arrival time as a function cﬁ‘x”;i“y7 It is clear from this
of the two input arrival time distributions, namelyx.,, o, SkX~, plot that the proposed method exhibits much better robustness to

By, oy, Sky, andp. These 7 statistical parameters were the in- difference in the mean of input arrival time distribution.
put to the proposed skewed normal function. Using the moment

matching method presented in Section 2, we first map these para-5  CONCLUSION

meters to a bivariate skewed normal distribution and then compute
the output moments of méX, Y') using the analytical results de-
rived in the previous section. An example illustrating the efficacy
of the max operation is given in Figure 5, 6 and 7. Given the sta-

In this work we derived novel analytical results for computing

tistics of X (1060.55, 58.56,0.56), Y'(1045.53,66.73,0.80) and Omx €rror (%
their correlation, first the parameters of skewed normal probability 12. .
distribution function are computed. It can be seen from these fig- 10

ures that the skewed normal distribution accurately represents the = dark ] "
Monte Carlo generated skewed arrival time distribution as com- * SN 8 .'b
pared to the symmetric normal for both the inputs. Consequently, - 6

as shown in Figure 7 a skewness based treatment of the input ar-

rival time distribution gives majX, V') distribution that accurately - 4
matches the MC simulation results. . oy 2
We found that the error in the max operation based on a normal N T

— * ox K X -y
assumption increases significantly with increase in skewness of the -2° -1.5 -1 -0.5 0.5 a
two input arrival time distributions. This is illustrated in Figure 8
where, we show a plot of percentage error in computing the stan- _. ) . L 0
dard deviation of the mgX, Y) as a function of the skewness in Figure 9: Comparison of standard deviation.a.. error (%) as

: Xy —py
X, Sk. The error in mean was found to be less 1 % in both the & function of ———=
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