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Abstract— Gate oxide breakdown is a key factor limiting the useful
lifetime of an integrated circuit. Unfortunately, the conventional approach
for full chip oxide reliability analysis assumes a uniform oxide-thickness
for all devices. In practice, however, gate-oxide thickness varies from
die-to-die and within-die and as the precision of process control worsens
an alternative reliability analysis approach is needed. In this work,
we propose a statistical framework for chip level gate oxide reliability
analysis while considering both die-to-die and within-die components
of thickness variation. The thickness of each device is modeled as a
distinct random variable and thus the full chip reliability estimation
problem is defined on a huge sample space of several million devices.
We observe that the full chip oxide reliability is independent of the
relative location of the individual devices. This enables us to transform
the problem such that the resulting representation can be expressed in
terms of only two distinct random variables. Using this transformation we
present a computationally efficient and accurate approach for estimating
the full chip reliability while considering spatial correlations of gate-
oxide thickness. We show that, compared to Monte Carlo simulation, the
proposed method incurs an error of only 1∼6% while improving the
runtime by around three orders.

I. INTRODUCTION

Semiconductor reliability and manufacturing variability have be-
come key issues as device critical dimensions shrink and integration
complexity continues to grow at a rapid pace. For assessing product
reliability, it is important to quantify the reliability of gate-oxide
which is its ability to retain its dielectric properties while being
subjected to high electric fields. Aggressive oxide-thickness scaling
has led to huge vertical electric fields in metal oxide semiconductor
devices that result in high direct tunneling gate oxide leakage current.
The gate oxide leakage current creates defects such as electron traps,
interface states, holes traps, etc., in the gate dielectric. These defects
gradually build up in the oxide until a critical defect density is reached
when the oxide destructively breaks down leading to a large increase
in gate oxide conductance and functional failure of the product.

Over the last 30 years, numerous publications have focused on
understanding and modeling the mechanisms leading to defect gener-
ation and breakdown in individual devices [1]. Some researchers have
initiated an effort to understand the oxide breakdown mechanisms of
simple circuits [2]. Recently, a product level approach performing
oxide breakdown analysis on full-chip was proposed in [3]. In most
of the existing approaches, simple test structures such as discrete
devices or capacitors are used to characterize the oxide breakdown
mechanism for a specific manufacturing process. These discrete
device characterization results are then extrapolated to deduce a
model for the full-chip oxide reliability which is later calibrated using
lifetime tests of sample product.

However, a major concern with prior approaches is that they
assume a uniform oxide-thickness for all devices on every chip. In
practice, the non-uniformity in temperature and pressure during the
gate-oxidation process leads to within-die and die-to-die variations
in gate-oxide-thickness. For a given supply voltage and operating
temperature, the reliability of oxide is an exponential function of

its thickness and its sensitivity to thickness variations increases
for thinner oxides [4]. Therefore, in previous approaches, it was
imperative to consider a uniform minimum oxide-thickness across
all devices on a chip and across all chipss for a conservative worst-
case analysis. This may lead to significantly pessimistic estimates of
the overall oxide breakdown reliability of the product. Furthermore,
oxide reliability is one of the key factors that sets constraints on the
operating supply voltage and temperature of the chip. Any pessimism
in oxide reliability analysis limits the maximum operating voltage
and thus the maximum achievable chip-performance. In order to
find consistent supply voltage and operating temperature limits, it
is therefore critical to quantify the product oxide breakdown strength
more effectively.

The goal of this work is to develop a new chip level gate oxide
breakdown analysis while considering not only the chip-to-chip and
within-chip variations but also spatial correlations of gate-oxide
thickness. If the thickness of each device is modeled as a distinct
random variable, then the full chip reliability estimation problem
is defined on a huge sample space of several million devices. By
noting that the reliability for a sample device with a given oxide-
thickness itself is a random function, the design time full-chip
reliability estimation problem turns out to be a multi-dimensional
nested stochastic process. Apparently a straightforward Monte Carlo
approach is extremely expensive in both execution time and memory,
as we need to perform nested Monte Carlo analysis on the sample
spaces for different chips and different devices across each chip
as well as the sample space of oxide breakdown of each device.
The challenge here is how to reduce the tremendous number of
random variables and then achieve a low space/time complexity. To
address this issue, we propose a statistical approach that can project
millions of random variables to only two distinct random variables
of mean and variance of chip oxide-thickness distribution. Then,
with some judicious approximations, we can use this projection to
compute the closed-form reliability function for each chip. Finally,
a computationally efficient and accurate statistical framework is
developed to estimate the full chip reliability across the ensemble
of chips. To our knowledge, this is the first attempt to perform the
chip-level oxide reliability analysis while modeling the components
of oxide variation and correlations.

Apart from manufacturing variations in oxide-thickness, the oper-
ational life of a part depends on variations in temperature, modes
of operation, executed instructions, supply voltage, lifetime wear
out, etc. However, the uncertainty of the environmental conditions
of a part can not be modeled statistically as the chip is expected
to function reliably throughout its operational lifetime even in a
worst-case operating environments for all specified applications.
Therefore, unlike manufacturing variability, our approach considers
the worst-case operating temperature and supply voltage to ensure
a correct operation through out the entire life time of the part for
any application profile. Experimental results show that, compared to
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Fig. 1. A grid based spatial correlation model

Monte Carlo simulation, the proposed method incurs an error of only
1∼6%, while improving the runtime by around three orders.

The rest of the paper is organized as follows: in Section II we
describe the modeling of thickness variation. In Section III, we
discuss the oxide breakdown model and formulate the oxide reliability
analysis problem. Section IV explains the proposed methodology
for estimating the full-chip oxide breakdown reliability. Simulation
results illustrating the efficacy of the proposed approach are given in
Section V. We conclude the paper in Section VI.

II. MODELING THICKNESS VARIATION

The oxide-thickness variation can be classified based on the spatial
scale over which it manifests. Due to long range shifts in oxidation
temperature and pressure that occur from lot-to-lot, wafer-to-wafer,
reticle-to-reticle, and across a reticle, all the devices on the same
chip observe some common amount of fluctuation in oxide-thickness.
This chip-to-chip component of variations is referred to as global or
inter-chip variation. Several factors gradually affect temperature from
one location to another within a chip (e.g., the emissivity variations
resulting from location of chip on the wafer). Such variations tend
to affect all devices that are placed close to each other in a similar
manner. Therefore, closely spaced devices are more likely to have
similar oxide-thickness than those placed far apart. The component of
variation that exhibits such spatial dependence is known as spatially
correlated variation. For accurate statistical analysis, it is necessary
to capture the dependence between the global and spatial component
of thickness variations. The residual variation resulting from certain
local device scaling effects such as different surface orientations,
stress conditions as well as poly-Si intrusion from the gate electrodes
is referred to as independent variation.

To exactly model spatial correlation between the oxide-thickness of
two devices, a separate random variable is required for each device.
However, the correlation between two devices is generally a slow
monotonically decreasing function of their separation. Therefore,
simplified correlation structures using a grid model [5] or quad-tree
model [6] have been proposed in the literature. In this work, we
discuss the proposed approach using the grid based model. In this
model, the spatial component of oxide-thickness variation is modeled
using n random variables, each representing the spatial component
of variation in one of the n grids (see Figure 1), and a covariance
matrix of size n × n representing the spatial correlations among the
grids. The covariance matrix could be determined from measurement
data extracted from manufactured wafers using the method given
in [7]. To simplify the correlation structure, this set of correlated
random variables is mapped to another set of mutually independent
random variables with zero mean and unit variance using the principal
components of the original set. The original random variables are then
expressed as a linear combination of the principal components. These
principal components can be obtained by performing an eigenvalue
decomposition of the correlation matrix. This representation of the

correlation is expressed in a so-called canonical form [5], [8], [9],
where oxide-thickness xi of any device in ith grid is given by

xi = λi,0 +
n�

j=1

λi,jzj + λrε, (1)

where λi,0 is the mean or nominal value of oxide-thickness in
ith grid , zj represents the n independent random variables used
to express the spatially correlated device parameter variations, ε
is a distinct random variable for each device that represents the
residual independent variation, and the coefficients λi,j’s represent
the sensitivity of thickness variation in ith principal component for
every jth the random variable.

III. RELIABILITY MODEL AND PROBLEM FORMULATION

The gate oxide degradation depends on the oxide-thickness, volt-
age, and temperature. There are many oxide breakdown models
in the literature that attempt to explain the dependence on these
factors. A widely accepted model is the anode hole injection model
[10]. According to this model, injected electrons generate holes at
the anode that can tunnel back into the oxide. Intrinsic breakdown
occurs when a critical hole fluence is reached, creating a continuous
conducting path across the oxide. A second model, known as electron
trap density model, has been suggested, which claims that a critical
density of electron traps generated during stress is required to trigger
oxide breakdown [11]. Both models of oxide breakdown mechanisms
note that the defect generation is a non-deterministic process. As a
result the oxide breakdown time is inherently a statistically distributed
quantity. Thus the oxide breakdown time is modeled as a random
variable typically characterized by a Weibull probability distribution
function, given by [4], [12]

F (t) = 1 − e−a( t
α

)β

, (2)

where F is the cumulative distribution function (CDF) of time-to-
breakdown t, a is the device area normalized with respect to the
minimum device area, α and β are the scale and shape parameters
of the Weibull distribution. The scale parameter α represents the
characteristic life which is the time where 63.2% of samples fail,
whereas the shape parameter β is a function of critical defect density.
The critical defect density depends on device oxide-thickness, the
oxide field and temperature. For a given temperature and stress
voltage, it has been shown that the slope parameter of the Weibull
distribution varies linearly with oxide-thickness [13]. Thus if x
denotes the oxide-thickness, we have

F (t) = 1 − e−a( t
α

)bx

, (3)

where b is a constant for given worst-case temperature and supply
voltage. Another major factor that affects the oxide lifetime is the
oxide breakdown failure criterion. A commonly used failure criterion
is soft breakdown (SBD) which is characterized by a small increase
in gate leakage. In practice, however, after SBD the gate leakage
current monotonically increases with time eventually leading to a hard
breakdown [14]. The time between oxide SBD and hard breakdown
is a function of the gate area, oxide quality, and the bias conditions.
For the purpose of this work, we limit our analysis to determining
the initiation of soft breakdown and use this as our failure criteria
since SBD is typically followed rapidly by hard breakdown.

A chip is considered to have failed as soon as breakdown occurs
for any device on the chip. We are interested in finding the reliable
lifetime of the chip for which none of the devices fail. For such
weakest link problems, it is more convenient to use an alternate
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representation known as reliability function R(t) or survivor function,
given by

R(t) = 1 − F (t) = P (T > t) =

� ∞

t

f(s)ds, (4)

where f(s) is the probability distribution function (PDF) of oxide
breakdown of an individual device. The reliability function is com-
plimentary to the cumulative distribution function (CDF) F (t), taking
the value 1 at t = 0 and tending to 0 as t tends to infinity. Simply
stated, a reliability function is the probability that a device (chip) does
not fail by time t. Due to manufacturing variations the thickness of
gate oxide is also a non-deterministic parameter at design time. Thus
the reliability function of a device can be interpreted as its conditional
reliability function for a given oxide-thickness. For an ith device
having xi oxide-thickness the conditional reliability function can be
given as

Ri(t|xi) = P (t > t|xi) =

� ∞

t

f(s|xi)ds. (5)

Due to the spatial component of oxide-thickness variation, the oxide-
thicknesses of any two devices on a chip are correlated with each
other. Therefore, in general, their respective reliability functions being
functions of oxide-thickness are also correlated with each other.
However, if the oxide-thicknesses are known apriori then the defect
generation mechanism in one device is independent of any other
device on the chip for constant worst-case voltage and temperature.
Thus for a particular chip, if the thicknesses of all devices are known
then any device fails independently of all other devices. Furthermore
the reliability function of the chip Rc(t) requires that all devices on
the chip are functioning reliably, therefore, Rc(t) is given by the
product of reliability functions of all individual devices:

Rc(t|x) =

m�
i=1

Ri(t|xi), (6)

where x represent the vector of oxide-thickness (x1, . . . , xm) and m
is the total number of devices on the chip.

In the traditional analysis, where all oxide-thicknesses are supposed
to have a single, worst-case value, the product in Equation (6) is
taken across a large set of identical reliability functions and can be
analytically solved with a low complexity. However, the key point in
our analysis is that, at design time, each oxide-thickness xi is itself a
random variable. Furthermore, these random variables are correlated
across the chip. If the oxide-thickness of all devices is characterized
by their joint PDF f(x1, . . . , xm) then the overall reliability function
of the entire ensemble of all manufactured chips can be given by

Rc(t) =

� ∞

0

. . .

� ∞

0

m�
i=1

Ri(t|xi)f(x1, . . . , xm)dx1 . . . dxm. (7)

Due to the huge dimensionality of the above integral, a straight
forward numerical evaluation of the above integral is computationally
impractical for full chip analysis. Using judicious approximations
we develop a computationally efficient approach to address this
problem in the next Section. In Section 5 we then present results that
demonstrate the accuracy and efficiency of the proposed solution.

IV. FULL-CHIP GATE-OXIDE RELIABILITY ANALYSIS

The proposed approach for efficiently estimating the overall reli-
ability function Rc(t) is discussed in a bottom up manner. We first
present expressions for finding the conditional reliability function of
a device. Using this expression, the conditional reliability function of
a particular chip can be found given the oxide-thickness of all devices
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Fig. 2. Histogram of oxide-thickness for a sample chip with (a) 3K devices
(b) 100K devices (c) 200K devices (d) 500K devices

on it. We observe that although the overall reliability functions
depends on the spatial and global correlation in oxide-thickness
variation, however, it is independent of the relative location of two
devices on the chip. Hence, for a given chip, we can sum together
all oxides of equal thickness and generate a frequency distribution
histogram of the oxide-thickness. As the oxide-thickness variation of
all the individual devices is modeled as a normal random variable and
there are a large number of devices on a chip, we approximate this
frequency distribution across a given chip with a normal distribution
function. Henceforth, we will refer to this distribution function as
the chip oxide-thickness distribution (COD). The COD allows us
to compactly represent the oxide-thickness of all device on a given
chip with just two parameters - the mean and the variance of the
underlying normal distribution function. In sub-section IV-A, we
will present how a closed form expression for the chip reliability
function can be found for a given COD. Finally, we discuss how to
compute the overall reliability function across the entire ensemble
of all manufactured chips. As COD varies from chip-to-chip, its
mean and variance are in fact random variables over the sample
space of all manufactured chips. Hence, several million multi-variate
oxide-thickness distribution function for each device on the chip
can be compactly modeled with just two random variables. In sub-
section IV-B, we will discuss how these two random variables can
be derived from the oxide-thickness process variation model given in
Equation (1) and thus the overall reliability function can be computed
from it.

A. Reliability Function of One Chip

Using the definition of the reliability function and the oxide
breakdown time model of an individual device (Equation (3)), the
conditional reliability function of an ith device on a chip having
oxide-thickness xi is given by

Ri(t|xi) = e−ai(
t
α

)bxi
. (8)

As explained in Section III, if the oxide thickens of all devices
on a chip is known then the reliability function of every device is
independent of each other. Thus the reliability function of a chip
is the product of the individual reliability function of all devices.
Considering each device on the chip x = (x1, x2, . . . , xm) and their
respective area ai, the conditional reliability of the chip is given by:

Rc(t|x) =
m�

i=1

Ri(t|xi) = e−
�m

i=1 ai(
t
α

)bxi
. (9)
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There can be several million devices on a chip, therefore, it is
impractical to evaluate the above exponent. In order to efficiently
evaluate the overall reliability across all chips, we need to reduce the
dimensionality of the above exponent. To achieve this, we represent
the set of devices and their individual oxide-thicknesses by a COD
for a particular chip. This chip-specific COD shows how many
devices correspond to a particular oxide-thickness. For the sake of
understanding, we discretize this oxide-thickness distribution into k
discrete intervals assuming a truncated distribution. It can be seen
that when we make this transformation the area of the devices
with identical thickness can be summed together. Let xi denote the
midpoint of the ith discrete interval and ai be the total area of all
devices having thickness xi. By applying this transformation, the
above expression for Rc(t|x) can be rewritten as

Rc(t|x) = e−
�k

i=1 ai(
t
α

)bxi
. (10)

By making such a transformation the dimensionality of Rc(t|x)
can be reduced from number of devices m to the number of discrete
intervals k. If we normalize the exponent with total area the above
expression gives

Rc(t|x) = e−A
�k

i=1 pi(
t
α

)bxi
, (11)

where pi = ai/A represents the probability of observing an oxide-
thickness xi on a particular sample chip. Thus the thickness of all
devices on a particular sample chip can be compactly characterized
by a COD.

As discussed in Section II, the thickness variation of an individual
device across the ensemble of chips is modeled as a gaussian random
variable. Although it is not guaranteed that the COD across a
particular sample chip will also be a gaussian distribution, we find that
assuming gaussian distribution for the oxide-thickness is a reasonable
approximation to its exact distribution, due to the large number of
devices on the chip. Numerical experiments further confirmed our
assumption. Figure 2 illustrates the histogram of oxide-thickness for
sample chips with different number of devices, ranging from 3K to
500K. It is clear that we get non-gaussian distribution for the chip
with a small number of devices, e.g. Figure 2(a), whereas the samples
with a large number of devices show distinctly gaussian-like curves,
e.g. Figure 2(b)-(d). Thus we can formulate Equation (11) as:

Rc(t|u, v) = e
−A

�∞
−∞ φ( x−u√

v
)( t

α
)bxdx

, (12)

where φ(x) = 1√
2π

e−x2
.

In the above Equation (12), the integral in the exponent can be
evaluated by making the substitution t

α
= eγ ,

� ∞

−∞
φ(

x − u√
v

)(
t

α
)bxdx =

� ∞

−∞
φ(

x − u√
v

)eγbxdx

= −1

2
eγbu+γ2b2v/2erf(

−x + u + γbv√
2v

)|∞−∞

= eγbu+γ2b2v/2.

(13)

Thus for a given COD φ(x−u√
v

), the conditional reliability function
of a chip can be computed by the following closed form expression:

Rc(t|u, v) = e−Ae
ln( t

α
)bu+(ln( t

α
))2b2v/2

. (14)

Hence, the multidimensional exponent in Equation (9) can now be
compactly represented using a closed form analytical function of
COD parameters u and v.

B. Overall Reliability Function

In this section, we will discuss how the overall reliability function
can be found by enumerating the conditional distribution function
derived in the previous section across the ensemble of all chips.
As shown in Figure 3, each sample chip results in a different COD
φ(x−u√

v
), therefore, the entire ensemble of all chips can be represented

with set of CODs for all manufactured chips. Now each such COD is
characterized by their respective mean u and variance v. Therefore,
the oxide-thickness distribution of all devices across all manufactured
chips can be represented by two random variables u and v. Let
fuv(u, v) denote the joint probability distribution function of u and
v. For computing the overall reliability function, we need to integrate
the above expression of reliability function of each chip over the joint
probability distribution function fuv(u, v) of random variables u and
v:

Rc(t) =

� ∞

−∞

� ∞

−∞
Rc(t|u, v)fuv(u, v)du dv. (15)

For a particular chip, the mean u and and variance v of the oxide
distribution can be estimated by calculating the unbiased statistical
COD mean and variance of the oxide-thickness values observed
across the chip. Likewise, the random variables u and v can be found
in terms of the thickness variation model discussed in Equation (1).
Using the oxide-thickness variation model given in Equation (1), u
can be expressed as

u =
1

m

m�
i=1

xi = u0 +
n�

i=1

uizi + up+1ε, (16)

where

uj =
1

m

m�
i=1

λi,j ∀j = 0 . . . n

up+1 =
1

m

���� m�
i=1

λ2
r =

λr√
m

The coefficient u0 is the nominal value of u, whereas coefficient
ui is the sensitivity to the ith principal component. It is evident that
the sensitivity of the independent random component up+1 tends to
zero for a large number of devices and thus can be safely neglected
for a typical industrial chip.

Similarly the expression for v, the variance of the oxide distri-
bution across the ensemble of all chips, in terms of oxide variation
model (Equation (1)) can be given as follows:

v =
1

m − 1

m�
i=1

(xi − u)2 =
1

m − 1

m�
i=1

(x2
i − u2). (17)

Again the above expression can be expressed in terms of principal
components as follows:

v = v0 +

n�
i=1

n�
j=1

vi,jzizj , (18)

where

vo = λ2
r and vi,j =

1

n − 1

n�
k=1

(λk,i − ui)(λk,j + uj)

In this manner, we can express the distributions of u and v in terms
of a given process variation model. Note that random variable u is
the sum of normal random variables so it is also a normal random
variable, however, the COD variance v is not a normal random
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variable. It can be shown as follows that u and v are uncorrelated
(i.e., E[uv] = E[u]E[v], where E[·] denotes the expectation):

E[uv] = E[(u0 +

n�
i=1

uizi + up+1ε)(v0 +

n�
i=1

n�
j=1

vi,jzizj)]

By constructing each principal component zi as an independent
standard normal random variable, we have E[zi] = E[z2

i zj ] =
E[ziz

2
j ] = E[z3

i ] = 0 and E[z2
i ] = 1 for differnt i and j. Likewise

E[ε] = E[ε2zj ] = E[ziε
2] = E[ε3] = 0 and E[ε2] = 1. Thus the

above expression can be simplified and given by

E[uv] = u0v0 +
n�

i=1

u0vi,i = E[u]E[v]. (19)

For two normal random variables to be independent, it is sufficient
to show that they are uncorrelated, but in general this is not the case
for non-gaussian random variables. The sample variance v is not a
normal random variable and has the distribution of quadratic forms
in normal variables [15], [16]. However, with numerical experiments
we find that the dependence between u and v is weak. As a result,

it is reasonable to assume u and v as independent variables, which
allows us to express the joint-PDF (JPDF) in terms of their marginal
distributions fu(u) and fv(v). Figure 4 illustrates the JPDF of
fuv(u, v) and the product of the marginal distributions, fu(u)fv(v),
generated by Monte Carlo simulations. It is qualitatively evident from
the figure that there does not exist significant dependence between
u and v. Furthermore, figure 5 depicts the contour of the error
between JPDF fuv(u, v) and PDF product fu(u)fv(v) normalized
with respect to the peak probability on the JPDF. It is noted that the
maximal error is around 7% in a very small region whereas most
errors are almost negligible. Thus, this independence approximation
between u and v can give us a reasonably accurate estimate of
oxide variation with a significantly simpler approach. In other words,
the approximation enables us to enumerate the individual reliability
distribution functions of each chip by simply integrating the marginal
distributions fu(u) and fv(v):

Rc(t) =

� ∞

−∞

� ∞

−∞
Rc(t|u, v)fu(u)fv(v)du dv. (20)

Now the COD mean u is a sum of normal random variables,
therefore fu(u) can be characterized by distribution of a normal
random variable and can be analytically computed. However, COD
variance v is a quadratic expression of normal random variables. Such
an expression is commonly found in several multi-variate statistics
application and is referred to as quadratic normal form. In statistics
literature [15], several techniques have been proposed to accurately
estimate the distribution function of quadratic normal form. In this
work, we implemented a computationally efficient method given
in [16] to estimate the distribution of fv(v) using a chi-square
approximation.

v ∼ v0 + âχ2
b̂ , (21)

where â =
n�

i=1

n�
j=1

v2
i,j/
�
i

vi,i and b̂ = (
�
i

vi,i)
2/

n�
i=1

n�
j=1

v2
i,j .

In figure 6, we compare the CDF of the distribution of quadratic
normal form of v by Monte Carlo simulation and its chi-square
approximation for the a chip with 100K devices. It is apparent that
the computationally efficient chi-square representation is in good
agreement with the Monte Carlo simulation result.

In this manner, the marginal distributions fu(u) and fv(v) of u
and v can be analytically found for the given process variation model
of oxide variation. Using fu(u) and fv(v), the overall reliability
distribution function can be computed by evaluating a single two-
dimensional numerical integration given in Equation (20).
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TABLE I
ACCURACY COMPARISON BETWEEN PROPOSED APPROACH AND MC SIMULATIONS FOR DIFFERENT CORRELATION DISTANCE

Lifetime Estimation Error w.r.t. MC simulationscircuit
Rho-distance = 0.25 Rho-distance = 0.5 Rho-distance = 0.75

name No. devices 1/million 10/million 1/million 10/million 1/million 10/million
A 50K 4.30% 2.51% 4.23% 2.24% 4.59% 1.52%
B 80K 5.26% 3.58% 5.07% 3.25% 4.93% 2.28%
C 100K 6.35% 2.32% 5.62% 2.04% 4.57% 3.00%
D 200K 5.61% 3.30% 5.40% 2.57% 4.66% 1.89%
E 500K 5.72% 3.53% 5.01% 2.83% 4.86% 2.72%
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Fig. 6. Curves for the distribution of the quadratic form and its χ2

approximation

C. Overall Algorithm and Complexity

The overall algorithm of the proposed approach is summarized as
shown in figure 7. Given the principal components as well as the
oxide thickness variations profile, we can compute the coefficients
ui and vi,j for COD mean and variance using Equations (16) and
(18). Then we divide the integration domain for Equation (20) to l×l
sub-domains. Since the JPDF rapidly decreases to 0 beyond a narrow
domain, as illustrated in figure 4, l=10 is already a reasonable number
for accurate integral sum evaluation, which is further confirmed by
the experimental results in Section 5. Once sample point pair in each
sub-domain is obtained, we can compute analytically the reliability
for one chip. Finally the overall reliability is evaluated by using the
integral sum.

Since PCA is a pre-processing step, we do not include it in the
complexity analysis as it is performed only once and can be shared
with other statistical analysis tools. As discussed in figure 7, steps 5-6
can be analytically computed using Equations (14), (16) and (21) and
therefore will not limit the performance. Thus, the overall complexity
is O(n2 + l2), where n is the number of principal components
and l2 is the number of sub-domains for integration. By noting
that unlike the straightforward approach, the computation complexity
is independent of the total number of devices on the chip, it is
therefore extremely computationally efficient compared with Monte
Carlo analysis, whose complexity heavily depends on the number of
devices.

V. SIMULATION RESULTS

A simple simulation methodology for estimating the critical defect
density required for triggering a dielectric breakdown in an ultra
thin oxide was originally developed by Degraeve in [13]. Using this
methodology and the published defect generation relationships from
a 130nm IBM technology node given in [12], the oxide breakdown
reliability function was found for a set of characteristic devices
differing in area and thickness. The technology dependent parameter
of the oxide reliability function model given in Equation (3) was
estimated by fitting it to the simulation results. In practice, such

Procedure: Full-Chip Gate-Oxide Reliability Analysis
Input: Number of devices, principal components using the
variation model in Equation (1), chip-to-chip and within-chip
variations profile, spatial correlation profile.
Output: Gate-oxide reliability.
1: Compute the coefficients ui and vi,j for COD mean and

variance with Equations (16) and (18);
2: Divide the integration domain for COD mean and vari-

ance to l × l sub-domains;
3: Compute the sample point pairs (ui, vj) for each sub-

domains;
4: For each sample point pair do
5: Analytically compute the reliability for one chip

using Equation (14);
6: Evaluate the PDF product fu(u)fv(v) for the

sample point;
7: end for
8: Compute the overall reliability with the integral sum;

Fig. 7. Algorithm for full-chip gate-oxide reliability analysis

a model can also be characterized from real oxide breakdown
distributions measured from test capacitors or discrete devices for the
required process and technology. The proposed statistical approach
was implemented with MATLAB.

In the first set of experiments, a set of 5 designs was considered to
determine the accuracy of the proposed methodology. The overall 3σ
of oxide-thickness variation was assumed to be 4% of the nominal
value and it was equally split amongst all three components of
variation, namely, global variation, spatially correlated variation and
independent variation. As the real measurement data for thickness
correlation was unavailable, the covariance matrix for thickness
variations used in this work was derived from an exponential decaying
function of the respective distance. The correlation distance of
exponential correlation function is normalized with respect to the
chip dimensions.

Given the post-layout design implementation and a process vari-
ation model of oxide-thickness, the proposed methodology can
compute the overall reliability distribution function. To validate the
results of the proposed method, the overall reliability distribution was
also computed from 1000 samples of Monte Carlo (abbrev. MC)
simulations using the same oxide reliability model and thickness
variation model. In Table I, a comparison of lifetime estimation
for 1-fault-per-million parts and 10-faults-per-million parts between
the proposed approach and Monte Carlo simulations is shown for 5
design circuits. The size of the circuit under test in terms of number
of devices is given in the second column. To verify the robustness
of the proposed approach with respect to correlation distance we
tested our approach for three different values of correlation distance
normalized with respect to the chip size (ρdist=0.25, 0.5, 0.75). As
can be seen from columns 3-6, the proposed statistical method is in
good agreement with the Monte Carlo analysis, with errors of 1∼3%
for 10-faults-per-million and 3∼6% for 1-fault-per-million.
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TABLE III
ACCURACY COMPARISON BETWEEN PROPOSED APPROACH AND MC SIMULATIONS FOR DIFFERENT GRID RESOLUTION FOR DESIGN B

B Lifetime Estimation Error w.r.t. MC simulations
(80K) Rho-distance = 0.25 Rho-distance = 0.5 Rho-distance = 0.75

Grid Size 1/million 10/Million 1/million 10/Million 1/million 10/Million
5x5 5.09% 3.77% 4.63% 4.23% 4.37% 2.17%

10x10 5.01% 3.67% 5.37% 4.06% 4.26% 2.84%
20x20 5.26% 3.58% 5.07% 3.25% 4.93% 2.28%
25x25 5.20% 3.23% 5.06% 2.93% 3.92% 2.06%

TABLE II
RUN TIME COMPARISON BETWEEN THE PROPOSED STATISTICAL

APPROACH AND MC SIMULATIONS

Time (sec.) per Sample Overall Time (sec.)circuit
Sta. MC / speed-up Sta. MC / speed-up

A 0.016 1.34 84X 1.62 1338 826X
B 0.016 2.17 136X 1.59 2171 1365X
C 0.015 2.71 181X 1.50 2712 1808X
D 0.018 7.52 418X 1.80 7517 4176X
E 0.018 18.63 1035X 1.78 18625 10463X

Table II presents the run time of the proposed statistical approach1

(abbrev. Sta. in the table) as well as the Monte Carlo method. Unlike
MC simulations, the proposed approach is able to analyze all the
circuits in seconds. Columns 2-4 compares the run time per sample
chip. The proposed approach demonstrates around 2∼3 orders of
speed-up for different designs, whereas MC method scales super-
linearly with the number of devices. Columns 5-7 document the
overall run time for the ensemble of samples. The proposed approach
shows four orders of improvement for the last design E. Moreover,
as we discussed in Section 4.3, columns 2 and 5 confirm that the
run time of the proposed approach is independent of the number of
devices, which is an appealing feature as we face increasingly large
circuit designs.

We also validates the approach by choosing 4 different resolutions
of grid size for design B. The numerical results found for 4 different
gird-size are given in Table III. As the discretization error of the
grid-based model decreases for larger grid size, it can be seen that
the error in estimation of reliability function also decreases in general.

Figure 8 shows the plot of overall Rc(t) estimation computed
using (1) Proposed approach (2) MC Simulation (3) Minimum
oxide-thickness (Pessimistic approach) (4) Maximum oxide-thickness
(Optimistic approach) for design C. It can be seen that reliability
distribution function result for the proposed approach is in good
agreement with MC result whereas the curves corresponding to
the pessimistic and optimistic approaches deviate significantly from
the proposed approach. It is noted that the proposed approach has
relative errors of 3% and 2.8% for 10-faults-per-million and 50-
faults-per-million. On the contrary, the approaches with minimum and
maximum oxide-thickness lead to larger errors, 34.3% and 59.7%
for 10-faults-per-million and 37.8% and 61.3% for 50-faults-per-
million. This clearly exemplifies the need for a statistical approach
for reliability distribution function analysis.

For examining the gaussian-assumption made for the oxide-
thickness distribution of a chip, we computed the oxide-thickness
distribution for the sample using MC simulations. Figure 9 shows
the plots of oxide-thickness distributions for the samples of design
C for different values of normalized correlation distance. It is clear
that the gaussian distribution is a good fit for the oxide-thickness

1Since the difference in correlation distance has no impact on the run time, Table II
just cites the run time of the experiments with a correlation distance of 0.75.
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Fig. 9. Oxide-thickness distribution generated by MC simulations for Design
C (100K gates, Grid size 20 × 20) for (a) ρdist = 0.25 (b) ρdist = 0.5 (c)
ρdist = 0.75 (d) ρdist = 1

distribution. Likewise, we also varied the ratio of each component of
thickness variation, the grid size and the chip size and similar results
were observed.

Finally, we compare the difference between performing reliability
analysis with and without considering actual spatial correlation be-
tween device oxide thickness. A set of MC simulations were done
assuming accurate spatial correlation, no spatial-correlation and as-
suming perfect spatial correlation for gate-oxide thickness. Figure 10
compares the results with different spatial correlations for gate-oxide
thickness. It can be observed that the mean values of the uncorrelated
case is much smaller than the correlated cases (MC) and the perfectly
correlated case overestimates the variance of the reliability function.
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Fig. 10. Comparison between MC simulations of reliability function estima-
tion with actual spatial correlation, perfect correlation and zero correlation

Therefore, statistical oxide reliability analysis without considering
correlation may incorrectly predict the real lifetime of the circuit and
could even underestimate the lifetime of the circuit.

VI. CONCLUSION

In this article, a statistical methodology for performing full chip
oxide reliability analysis has been proposed, considering all three
components of oxide-thickness variation. It is shown that worst-case
oxide reliability analysis may not be adequate to predict chip lifetime
accurately. The complexity analysis of the proposed methodology
shows that the proposed approach is independent of the number of
devices and is thus scalable to large industrial size circuits. Our
simulation results exemplifies the accuracy and efficiency of the
proposed method.
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