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Abstract

With shrinking cycle times, clock skew has become an increas-
ingly difficult and important problem for high performance designs.
Traditionally, clock skew has been analyzed using case-files which
cannot model intra-die process variations and hence result in a very
optimistic skew analysis. In this paper, we present a statistical skew
analysis method to model intra-die process variations. We first
present a formal model of the statistical clock skew problem and then
propose an algorithm which is based on propagation of joint proba-
bility distribution functions in a bottom up fashion in a clock tree.
The analysis accounts for topological correlations between path
delays and has linear run time with the size of the clock tree. The
proposed method was tested on severgl large clock tree circuits,
including a clock tree from a large industrial high-performance
microprocessor. The results are compared with Monte Carlo simula-
tion for aceuracy comparison and demonstrate the need for statisti-
cal analysis of clock skew.

1 INTRODUCTION

Clock skew results from the unequal propagation delay of clock
paths from the source of the clock tree to the various sink nodes at
the latch points and directly impacts the performance of a design.
With rapidly increasing clock frequencies, the allowable clock skew
is increasingly constrained, making clock skew a critical concemn for
high-performance processers. Clock skew can be introduced either
at design time, during fabrication of the design, or during its opera-
tion. During the design phase, clock skew can arise due to unbal-
anced clock path delays resulting from unexpected changes in the
capacitive foading at the clock sinks and routing constraints. To
address this, extensive work has been performed on automatic sizing
and routing of clock trees to minimize skew during design time
[1][2][3]. However, even if clock skew constraints are met at design
time, process variations can introduce unwanted clock skew during
the fabrication of the chip, thereby compromising the obtainable per-
formance. Also, environmental fluctuations, such as power supply
variations and coupling noise can introduce clock skew during the
operation of the design and a number of methods for analyzing such
sources of clock skew have been presented in [4][5]

In this paper, we propose a statistical method to analyze the
impact of process variations on clock skew. Process variations result
in uncertainty in the device and interconnect characteristics, such as
effective gate length, doping concentrations, oxide thickness and
ILD thickness, and are a source of significant clock skew. In general,
process variations can be divided into inrer-die and intra-die varia-
ticns. Inter-die variations represent differences in device characteris-
tics from one die to the next, while intra-die variations represent
differences in device characteristics within a single die. Intra-die
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variations can have a deterministic component due to topologically
dependencies of device processing, such as CMP effects and optical
proximity effects [6]{7][8]. In some cases, such topological depen-
dencies are directly accounted for in the analysis of clock skew,
thereby reducing the statistical variation [9]{10][11}, whereas in
other cases, such variations are treated as random. Furthermore,
intra-die process variations exhibit spatial correlation, meaning that
devices close to each other are more likely to have similar character-
istics than those spaced far apart.

Traditionally, clock skew is computed using case analysis, where
all devices are assumed to have identical best-case, nominal, or
worst-case characteristics. Such analysis is appropriate for inter-die
process variations. However, it cannot model intra-die variations
where devices have different characteristics on the same die. Case
analysis therefore results in an optimistic skew estimate, as the mis-
match between the devices in a clock tree is ignored. With continu-
ous shrinking of process dimensions, intra-die variations are
becoming increasingly prominent and case-analysis is no longer
valid. It is therefore critical that a statistical analysis of the clock
skew be performed to determine the expected distribution of the
skew across the manufactured die. Once the skew distribution is
computed, the expected number of die meeting a specific skew can
be determined. Statistical analysis of clock skew is also useful during
the design of a clock tree to reduce its sensitivity to process varia-
tions and increase its robustness.

Recently, a number of methods for statistical clock skew analysis
based on Monte Carle simulation have been proposed [12]. How-
ever, Monte Carlo based approaches can have very high run times,
especially for large clock designs. A probabilistic approach to clock
skew analysis was proposed in [13][14] having efficient run time.
However, this analysis is restricted to binary clock trees and also
uses a Gaussian distribution to approximate the maximum and mini-
mum of two Gaussian random variables, which may compromise the
accuracy of the analysis.

In this paper, we propose a new approach to clock skew analysis,
which accurately models intra-die process variations and has a linear
run-time complexity with circuit size. Our analysis is focussed on
random variations, meaning that topological dependencies are either
removed prior to the analysis or are treated as random variations. We
ptovide a formal definition of the statistical clock skew problem
from which we derive our proposed analysis method. Statistical
clock skew analysis is complicated by the correlation between the
minimum and maximum path delays in a clock tree. The approach
proposed in this paper uses joint probability density functions
(JPDFs) that preserve this correlation between minimum and maxi-
mum delays in an efficient manner. The JPDFs are propagated in a
bottom up fashion along the clock tree in a single pass, and we
present efficient methods for merging and propagating IPDFs during
the traversal. The proposed method computes the skew distribution
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for the entire clock tree as well ag the skew distribution of all sub-
trees simultaneously and therefore allows the designer to identify
which portions of the clock tree are most sensitive to process varia-
tions. The presented methods were implemented and tested on a
number of clock tree circuits, including a large c¢lock structure from
an industrial high-performance microprocessor design. Comparisen
of results with Monte Carlo simulation confirms the correctness of
the approach and demonstrates its efficiency. Comparisen with tradi-
tional case-analysis shows the importance of statistical clock skew
analysis.

The remainder of this paper is organized as follows. In Section 2,
we present the problem definition and modeling assumptions. in
Section 3, we discuss our approach and implementation for stalisti-
cal clock skew computation. In Section 4, we show experimental
results and comparisons with Monte Carlo simulation. Finally, in
Section 5, we draw our conclusions.

2 PROBLEM DEFINITION AND MODELING ASSUMPTIONS

In this section, we define the statistical clock skew problem and
discuss our modeling assumptions.

We consider clock networks as composed of driver gates, such as
buffers, inverters and distributed RLC interconnects. In this paper,
we restrict our analysis to clock networks that have a tree topology,
meaning that the circuit does not have reconvergent fanout. Some
very high-performance clock tree designs are constructed using
multi-driven meshes and can only be represented by directed acyclic
graphs (DAGs). While such DAG clock networks cannot be mod-
eled with our proposed approach, most clock networks, especially
those in ASIC design, have a tree topology. Also, the proposed for-
mulation forms a basis on which statistical skew analysis for DAG
clock networks can be built,

We represent a clock tree with a so-called riming tree, which is
similar to the well known timing graph, except thar its topology is
restricted to a tree. The root of the tree is the primary clock driver
and the fowest level gates of the clock hierarchy are the sink nodes
that drive the latches in the design. An example of a clock tree and
its corresponding timing trce representation is shown in Figure 1.

Clock

driver

faiches

(a)

(b}

Figure 1, Clock tree and its timing iree representation

Each edge in the timing tree represents the delay from a driver gate
input to an interconnect sink point and therefore represent the sum of
gate and interconnect delays. For most clock trees, the dominant fac-
tor in delay variation is the driver delay uncertainty, due to variabil-
ity of process parameters such as gate length [15]. In this paper, we
therefore focus on driver delay varation, although the analysis can
be easily extended lo incorporate interconnect delay variability,
using variational interconnect modeling methods such as those dis-
cussed in {111, Since timing trees are a special case of timing graphs,
they inherent all common attributes of timing graphs, such as the
definition of path delay, arrival times, critical paths, etc.

A deterministic timing tree (DTT) 15 defined as a timing tree
where each edge has a fixed delay. The skew of a DTT is defined in
terms of the minimum and maximum path delay in the timing tree, as
stated below:

Definition 1. The minimum delay of a DTT is the minimum of ail
path delays d,; from the root nede to any of the sink nodes

{51858,

dopin = min(dp’l,dp,z {(EQ 1)

Definition 2. The maximum delay of a DTT is the maximum of
all path delays d,, ; from the root node to any of the sink nodes.

e = max(d, (d, o oo, dy ) (EQ2)

Definition 3. Clock skew for a DTT can be defined as the differ-
ence between the maximum delay and minimum delay of a DTT:
(EQ 3)

Clock skew therefore is the maximum arrival time difference
between any pair of sink nodes.

5= dmnx - dmin

Typically, the aim of the designer is to create a clock tree with
zero skew, referred to as a zero-skew clock tree. However, in high-
performance design, clock skew is sometimes intentionally intro-
duced by the designer (o accommodate unbalanced combinational
logic delays in the circuit, referred to as a non-zero skew clock tree.
By setting non-zero clock skew targets the designer effectively
enables cycle stealing or time borrowing which can improve the per-
formance of the design. However, any deviation of the skew from
their intended targets in a non-zero skew clack tree will degrade the
performance of the design in the same manner as it does for a zero-
skew clock tree. For clarity, we derive our analysis in this paper for a
zero-skew clock tree, noting that the analysis can be easily extended
to non-zero skew clock trees with intentional skew targets.

At design time, process variations create uncertainty in the gate
delays of the clock tree. Hence, we define a so-called probabilistic
timing tree (PTT), T, where the delay of edge ¢ is modeled with ran-
dom variable D,. Each random variable D, is characterized by its
probability density function p(D,). Although we formulate the clock
skew problem using continucus probability density functions, we
use discretized versions of these functions in our implementation,
similar to those discussed in [16].

For the purpose of our analysis, we assume that edge delays are
independent random variables. However, certain device parameters,
such as gate length, will exhibit spatial correlation, meaning that
drivers that are closely spaced together are more likely to have simi-
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lar device parameters than those spaced further apart. Such spatial
correlations will introduce dependencies between the edge delay ran-
dom variables in the PTT. However, in typical process technologies,
spatial correlation is reported to drop off sharply for distances
greater than 100 - 300pum [17]. The driver gates in a clock tree are
typically spaced relatively far apart, as they are distributed evenly in
the die, with separation typically greater than 300um. This therefore
diminishes the impact of spatial correlation for typical clock tree
designs. Also, spatial correlation of clock tree drivers tends to intro-
duce positive correlation between the minimum and maximum path
delays in a clock tree and hence, is expected to decrease the skew of
a clock tree [14], making our analysis which ignores spatial correla-
tion conservative. The current analysis also forms a frame work from
which spatial correlations can be incorporated in future extensions.

Since all edge delays take a deterministic value on a manufactured
die, the sample space consists of all possible die with different edge
delay combinations, The probability that a manufactured die has a
driver with a delay in interval [d}.d5] is:

a2
P(d <D, <d,) = _[ﬂDe)dDe
di

Furthermore, since the edge delays are independent random vari-
ables, the probability of the occurrence of a particular combination
of edge delays is simply the product of the probabilities of the occur-
rence of each individual edge delay [20]. Finally, since all clock tree
characteristics, such as minimum and maximum path delay and skew
are defined over the sample space, they are also random variables. In
statistical ¢clock skew analysis, the goal is to obtain the probability
density function (PDF) or the cumulative distribution function
(CDF) of the clock skew, based on the PDF or CDF of the edge
delays in the PTT.

(EQ 4

3 PROPOSED APPROACH FOR STATISTICAL SKEW
COMPUTATION

We start with a formal definition of the CDF of clock skew over
the sample space of manufactured dice. The probability of skew s
being equal or less than value S can be expressed as the integral over
the sample space of the DTTs which satisfies s<§. As mentioned,
the probability of occurrence of a DTT is the product of the probabil-
ities of occurrence of its individual edge delays p, (#) for each edge
i, which leads to the following expression for clock skew CDF:

P(S) = P(s<8) = (EQ 5)

I"'Ipe,l('1) P oty
<s

pe,n(tn) dtl"‘d‘n
dl!!
where d,;, and d,,, are defined for a deterministic timing tree in

EQi and EQ2.

The brute force approach for computing the CDF of clock skew
would involve a complete enumeration of the sample space consist-
ing of all possible DTTs, computing the likelihood of their occur-
rence, and determining if the d,;, and d,,, associated with each

ox~ min

satisfies d, —-d, . <3.This appreach has exponential complexity

with respect to the number of edges in the graph and hence is not
practical.

A more intuitive approach would be to implement a statistical
timing analysis method that mirrors the approach for computing
skew in a deterministic timing tree, according to EQ1 through EQ3.
Using one of several statistical timing analysis methods presented in
[16][18)[19]1(21], we can easily compute the earliest (minimum) and
latest (maximum) arrival time distributions of each clock sink in the
tree. We can then define the maximum and minimum delay of the
clock tree as random variables Dy, and D, similar to that for the
DTT in EQ1 and EQ?2, and attempt to compute their probability dis-
tributions by taking a statistical maximum and minimum over all
path delays. From the difference of these two random variables, the
skew is then obtained. Unfortunately, this approach is complicated
by the correlations that must be accounted for during the computa-
tion. First, the arrival times at sink nodes are correlated since timing
paths to sink nodes typically share multiple edges in the timing tree.
This correlation must be explicitly expressed when computing the
maximum and minimum clock wee delay distributions, which is
computationally difficult. Second, the minimum and maximum
clock tree delays themselves are correlated. This is immediately
obvious from the fact that minimum delay can never exceed the
maximum delay and vice versa. Therefore, the correlation between
the minimum and maximum PTT delays must be determined in order
to correctly compute the distribution of skew, again complicating the
analysis.

We therefore propose an alternate approach to statistical skew
analysis as detailed in the next section. The key idea is to avoid sep-
arate computation of the minimum and maximum PTT delays and
instead compute their joint probability distributions function (JPDF)
which preserves their correlation information. Furthermore, we show
that by propagating the JPDF of minimum and maximum PTT delay
in a single bottom up traversal of the clock tree, the JPDFs that are
merged during the traversal are independent, which simplifies the
analysis. From the JPDF of D, and D, . the distribution of the
clock skew is then computed in a straightforward manner. The prop-
agation and merging of JPDFs during the bottom up traversal of the
clock tree is performed using discretized distributions. We propose
an efficient method for merging of JPDFs during the traversal which
reduces the worst-case run time complexity for merging from oty
to O(n®), where  is the number of discretizations in each dimension

of the JPDF. Note that the run time complexity in terms of circuit
size remains linear in all cases.

3.1 Computation of Clock Skew Disiribution.

We now define the joint probability density function (JPDF) and
the joint cumulative distribution function (JCDF) of minimum and
maximum PTT delays and then show how the skew, as defined in
EQS5 can be computed using such a JPDF. The JCDF of D, and

Dax is defined over the sample space as follows:

PO ins Dy = P(min(dp,‘-) =D, ine max(dp, JsD (EQ 6

where d), ; are clock tree path delays and minimum and maximum
operations are taken over all clock net sinks i. The joint probability
density function (JPDF) can be obtained from the JCDF through dif-
ferentiation:

max max)

916



az
B0y Dpogyd = aD,, . oD

max

P(Dmin’ Dmax) EQ
For numerical computation, it is often more convenient to discretize

the TPDF. An example of the discretized JPDF for D,,;, and D,,,,,, is

shown in Figure 2, as a contour level plot. Here the darker regions
indicate the areas with higher probability. The entire distribution lies
above the D, = Dp;, line. This follows from the obvious property
that D, can never be greater than Dy,

Using the JPDF of D, and D,,,,, we can compute the probability
of manufacturing a chip with minimum and maximum delays within
the intervals [Dy,, 1:Dmin,2] and Dy, 1D gy 2] as follows:

P(D <p Dy 1 S0y SD

max, X max, 2)

min, 1 = Dmin min, 2’ (EQ8)

Dmin, 1Dmru. 2

= J- _[ PO i D)y A0

Dmin..leax,l

We now write the expression of clock skew CDF in EQ5 in terms
of the IPDF of minimum and maximum PTT delays as follows:

P(S) =P8 = j Ip(Dmin’ DmadeDmademfrt ,(EQ9)

2 D55

maa~ Ymin =

EQ9 follows directly from the definition of the JPDF in EQS and the

definition of clock skew in EQS. Finally, we rewrite the integral in
EQ9 above using simple manipulation of the integral limits as fol-
lows:

o Dyt s
PS)=PssS) = | | 20 PpaddDpeeDpiy  (EQ10)
] ]

Using the above expression of clack skew, and a given discretized
IPDF of D, and D,,,,, the computaticn of the clock skew PDF can
be accomplished through simple integration. We now show how the
JPDF of D, and Dy, for a PTT can be efficiently computed using
a single bottom up traversal and how the final clock skew distribu-
tion is computed.

— i i -
>

Dmin
Figure 2. Joint distribution of D, /D ;. among a group of sinks

3.2 Joint Probability Distribution Computation.

We compute the JPDF p(D,,;,,, Dy,,,,) for the minimum and maxi-
mum path delays in a PTT in a bottom up fashion. The JPDF pi{D,,;,..
D, for an internal node n; in the PTT represents the joint probabil-
ity distribution of minimum and maximum path delays from node r;
to any of the leaf nodes of n;. The JPDF p(Dyin, Dpgy) at node ny is
defined in terms of the JPDFs py(Dypjn, Dpay) at the children #; of
node n;. The JPDFs for all nodes in the PTT are therefore computed

using a single topological traversal of the clock tree starting at the
leaf nodes of the tree. After the JPDF of D,,;, and D,,,, is computed
for the root of the tree, we compute the skew distribution using the
integral in EQ10. Below, we first discuss how the JPDFs are com-
puted in a PTT tree and then how the final clock skew distribution is
computed.

Computing the JPDF of D,,;, and D,,,..
We consider a parent node ; with two children n;) and nj, and

edges ey and e;, as shown in Figure 3. Given the IPDF pj(D

Pi'(‘Dmin' Drmrx)

merging
;

& PitiDmins Doz P2y Dipa

)
%
T
%
-
Pj2 Drims Do)

Figure 3. Propagation and merging of JPDFs in a PTT

Dypyy) at node nyy and pp(Dypie Diax) 4t nyz, and the edge delay
PDFs p,i(D,;) of edge e; and p.3(D,2) of edge €3, we compute the
JPDF p(D,,;.» D,yay) at the parent node n; using the following two
operations:

1. Propagation: Each of the JPDFs p;(Dpin, Dpuy) atd ppfDyy,
D) computed at a child node »;) and np is propagated to par-
ent node #; along the respective edges ey and ey to obtain the
IPDFs py ) (Dpyy D) and pip(Dymin, Dingy)- For node ryp this is
performed by enumeration of all possible triples (D, .5,

Dypayji» De1) of minimum and maximum path delays and edge

delay, corresponding to JPDF pjy (Dyyiny Dy at node sy and the

delay PDF p,{D,;) of edge e;. Initially, the JPDF p;(D,nin,

D00 3t node n;is set to zero for all combinations of D,,;,, D,

Then, for each enumerated triplet, we compute the minimum and

maximum path delay at node »; by adding the edge delay to the

path delay at nede myy: Dyt = Dpyinji + Dep and Dy iy =

Dmale + del'

From our assumption that all edge delays are independent ran-

dom variables, it follows that the edge delay random variable

D, is independent from random variables D, and D, at

node n;. Therefore, the probability of occwrrence of triplet

Dminji> Pmax ji» Der) 1s
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PD i i1 Pmax 1 Do) = PPmin i Pmax, j1) - F(De} BEQ 1D

which can be computed directly from the JPDF p;i(Dypiny Dygy)

and PDF p,(D,;). The probability value of the p; (D, ;1.

Dingr 1) of the JPDF at node #; is thea incremented with the

probability of the occurrence of the triplet (Dpp 10 Dma j1» De1)-

The same calculaiion is performed for node rp to compute the

JPDF pD,i, Dy The computation is shown in pseudo code
in Figure 4.

2. Merging: Using the two propagated JPDFs p; (D)0, Dpay) 2nd
P Dyins Ppray), we compute the JPDF py(D,, . D)0 al node n;
This is performed by enumerating all possible guadruplets
Pminity Dmaxits Prminiz Dmgyi2> of minimum and maximum
path delays to n; corresponding to p; | (Dpins P a0d pia(Dpins
Dpy)- Again, we first initialize the JPDF p(D,,;,, Dyyae) at node
n; with zero for all combinations of Dy, D,,.. For each quadru-
plet, we then compute the minimum and maximum path delays at
node g Dy ;= min(Dpin i1, Diin i2) a0d Dy s = max(Dyygy
Dy iz)- Since the two JPDF at node n;) and nyp are computed in
a bottom up fashion, they are completely determined by the
delays of the subtrees rooted at the nedes n;y and nj. Since these
two subtrees are by definition disjoint, (meaning they do not
share any edges) it is clear that the random variables D,,;, and
Dypyy at gy are independent with respect to random variables
Dy and Dy at 1. Also, the two edge delays D, and D,z are
independent random variables. Therefore, the probability of
occurrence of quadruplet (D 11, Dy its Poin, i Pomax2) 18

Dmax, iz) (BQ 12}

max, i) PPpin, 12 Pmaz, i2)

which can be obtained directly from the JPDF p,(D,n. Diyget

and JPDY pp(Dpip, Diygy)- The value of the JPDF pAD i i

Dypay ) 8t node n; is then incremented with the probability of the

occurrence of quadruplet (D 510 Diae it Pmin,i2s Pmax i) The

computation is shown in pseudo code in Figure 5. Note that if
node n; has more than two children, the merging procedure is
iteratively repeated, each time merging a propagated JPDF from

2 new child node with the JPDF resulting from the merging oper-

ation of already processed children.

P(Dmin, il’Dmﬂx, i Dmin. i2*
= P(D D

min, i1?

By repeating the propagation and merging operations in a hierar-
chical fashion during a bottom up traversal of the PTT, the JPDFs of

1. Initialize p;y(Dpiny Diygee) to 2zero for all Dy, D,y
2. For each Dy jy from {0,1,2,.....m} {

3. Foreach Dy, jy from {0,1,2,...n} {

4. Foreach D,y from {0,1,2,...p} {

5 Dy =Dppji+ Dy

6. Dypar,it = Dmaxjs + Daa

7. PuDminits Dmarit) = PaPuminits Pmax ) +
pjl(Dmin,ilstinJl) *Pe(Dep)

814}

Figure 4. JPDF Propagation Algorithm

D,in and Dy, are computed for all nodes in the tree. The complex-
ity of the algorithm is linear with the number of edges in the clock
tree since each edge in the tree requires exactly one propagation and
merge operation. In terms of the discretization, the complexity of the
analysis is O(n3) for the propagation operation and O(n4) for the
merging operation, where a is the number of discretizations of the
edge delay PDF in each of the two dimensions of the JPDF. Since the
merging operation has the highest computational complexity in
terms of the number of discretization, we propose a more efficient
method for merging two JPDFs in the following Section which
reduces the complexity of the merging operation to o).

It is important to note that the size of n increases as we propagate
JPDFs up the tree. Therefore, it is important to prune JPDFs as they .
are propagated. However, in our benchmark testing presented in Sec-
tion 4 it was not necessary to perform pruning, as the clock trees in
consideration had a small number of levels of logic. Also, the effi-
ciency of the algorithm can be improved by exploiting the fact that
all the arrays of JPDFs have non-zero values only above their diago-
nals. This allows reduction in memory consumption by a factor of
two. The constant of proportionality for the run time complexity is
reduced by a factor of 2 for the propagation procedure by a factor of
4 for the merging procedure.

Also, the merging operation is simplified for nodes in the tree
whose children are leaf nodes. The JPDF p;1(D i, D,.0,) Propagated
from a leaf node is equal to the edge delay probability p,;(D,;) of
the leaf edge for values D, = D,pp = Dy, and is zero for all values
Dpyin # Dppgy This allows the enumeration for the merge operation
to be simplified from enumerating quadruplets to enumerating trip-
lets (D), Dy 22 Dy 2) if child node n;) is a leaf node, or enumer-
ating only pairs (D, D) if both children of n; are leaf nodes. The
complexity of merging therefore reduces to O(ng) or O(nz) for pro-
cessing leaf nodes of the PTT. In practice, most nodes of a clock tree
are leaf nodes which improves the run time of the algorithm.

Efficient Merging Procedure

Since the merge operation has the highest complexity in terms of
the number of discretizations, we introduce a new procedure based
on pre-computation of joint cumulative distribution functions
(JCDFs) and marginal JCDFs to improve the computational com-
plexity,

1. Initialize p{(D 0y D) to zexo for all D, D,
2. For each D,,,,-,,,ﬂ Srom {0,12,...m} {
3. Foreach Dy, g from (0,1,2,...n} {
For each Dy o from {0,1,2,.....p} {
For each Dy, pp from {0,1,2,....q} {

Dipin,i = min (Dypyin i1s Digin, i)

D gy i = max Doy ity Dy i)

PiPuminis Dma,) = PADrmin s Dinas, ) +

PitPumin its D, 1) * P Pomin, 12 Prmacr, i2)
8.1}}}

b

NS S

Figure 5. Algorithm for Merging JPDFs
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We consider the computation of JPDF p{(D,..0. D) at node n;
by merging two JPDFs pjy (D, D) and pip(Dpyis D pygy). From
the merging procedure presented in the previous section, it follows
that for each possible quadruplet of minimum/maximum path
lengths (D0 10 Dpge 1o Diin2 Drmgx 2} the resulting path delay val-
ues Dy, and Dy, 2t n; are as follows:

Dmirr = mi"(‘Dml'n,l’ Dmr'n.l)! (EQ 13)
Dma,x:mm(Dma,r,ermar. 2- (EQ 14
From this it follows that D in Sl 1 Ponin = Prin 2 and, simi-

larly that D, 2D D, 0z Dy o~ [n addition, we have the

max, ' “max

following  inequalities: D, S0 D

. <
max ’ min 1~ Dmax. 1

p_. <D

N, 2

max. 2 - From EQ13 and EQ14 it is clear that either Dy,
= Dypin,1 0t Dy = Dyinz and Dy
Thus, the resulted JPDF p(D
ering the following four mutually exciusive cases for D, 1» Dyx 10

= Dot O Dpar = D2

iy Pmgy) €20 be computed by consid-

D iy, 20 Dy 2 and their probabilities:

case I Dmin = Dm!rr, 1’ Dmax = Dmax. 1+ (EQ15)

Dmin < Dmin. 2% Dmnx. 2% Dmax
Py = P Dim Pmax) ij(Dm:’n <D in. 2 Prnax.2< B (EQ16)
case II: Dmin = Dmin. I Dmn.r = Dmnx. 2: (EQ1D

Dmnx. 1 = Dmn,\" Dlm‘n <Dmm. 2
‘DZ = pjl (Dmn'n’ Dmax. 1 & Dma,t) IPJE(Dmin < Dmin. > Dmax) (EQ18)
case [IL: Dm:'n = Dmin.'Z’ Dmru = Dm(b\‘. A EQ19)

DminSDmr’n. I S‘Dmax. 1 SDmnx
P3 = Pj (Dmr'u s Dmr’n. 1 Dmm.'. 1 S Dma.r) 'pj?.(Dmr'n’ ‘Dmax) (EQ20)
case 1V: Dmin = Dmin, 2 Dmax = Dmn.r, 1> (EQ2D)

‘Dmax. 2% Dmax’ Dmin = Dmim 1

Py=PDpinE Dy 1 Pnaxt P12 Priie Prray, 2 < Prgyd (EQ2D

Based on the four mutually exclusive cases identified above, we can
obtain the following expression for JPDF pi (D

min D max):

pi(Dmin' Dma.‘c) = Pl +‘P2+‘P3+P4 -

le(Dmm’ Dppas) 'p_,r”(Dmrn < Dmm 2 Ppar 20 pa) (EQ23)

!.(Dmm’ max, | 'Dmnt) le(Dmm < Dmin_.'l’ Dmnx)
+ pﬂ (Dmm - Dmm. 1 Dmax. 1= Dmn.x) pj?.(Dmin’ Dmrrx)

+Pj](‘Dmm SD0in 1 Bras) ij(Dmin’ Diar, 2 B

where each term corresponds to each of the cases I through 1V in
EQ15 - EQ21. Each of the non-trivial probability expressions in the
first two terms of EQ23 can be expressed with the following inte-
grals:

-DJ'Z(Dmm < Dmm, 2 Dmax, 2< Dmax) (EQ24)
Dopex w0
= _[ I P23 Ppiin, 2 Pmax, 24P min, 2% maz, 2
o D,
Dmuu
le(Dmin’ Dma.r, 15 Dmax} = j pjl(Dmin' Dma,r, 1)dDmm—_ 1 AEQ 25)
Dml‘n
Dmax
pj2(Dmirr < Dmin. 2 Dmax) j ij(Dmm, 2 Dmax)dDmr'n. 2 (EQ26)
2]

with similar integral expressions for the non-trivial probability terms
in the last two terms of EQ23. Note that since the expressions neces-
sary to compute EQ23 involve at most double integrals, EQ23 can be
computed with Otn?) computational complexity, where n is the num-
ber of discretizations of the JPDFs p;; and p;;. However, the compu-
tation can be further improved in efficiency by precomputing the
following probability functions:

1. The joint cumulative distribution functions (JCDFs) le and P
where:
‘le(Dmm' max) - ‘P("mm min® max Dmax) = (EQ27)
LEN iy
j J pjl('min’ ‘mnx)dimind'max
0 0

and P is expressed similarly.
2. The marginal PDFs pj min, Pj1,max» Pjz,min 308 Pj2,max Where:

oa

)= jpjl(Dmr‘n' rmax)d'!max ’
Q

251 minPin (EQ 28)

and pj1 max> Pjz,min: a4 Pz, i, computed similarly.

3. The marginal CDFs Py min: Pjimax Pzmin a9 Py, where:

D,

le.min(Dmin) = P(Iminsomm - J. p;l mm(rmm) min* (EQ29)
1]

a0d Pt mae Pra,mine 304 Py oy can be computed similarly.

We can now express pﬂ(D <D D ) tn EQ24 in

i2,max as follows:

min min, 2

terms of JCDF P;; and marginal CDF P

max, 2< max

ij(Dm:‘n < Dmin 2 Pmax,2 < Dnmx) =

Pj?, max max) PZ(Dmm’ max) (EQ 30)

where the other integrals necessary lo compute EQ23 can be
expressed similarly.
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Hence, we precompute JCDFs and marginal CDFs from the JPDF
PiPumin 1. Dimax1) a0d pia(Dyyiy 2, Dinay 2) once, and then compute
all terms in EQ23 directly from these JCDFs and marginal CDFs
avoiding repeated numerical integration and improving the computa-
tional efficiency. By following the above method, the computational
complexity of the merging operation is reduced to O(n?) where n is
the number of discretizations of the IPDFs pj; and p;;. However, the

computational complexity of propagation remains O(n3), and hence
the overall computational complexity in terms of the number of dis-

cretizations is reduced from O(n“) to O(n3 ). The run time complexity
in terms of the number of edges in the PTT remains linear.

Computing the Skew Probability Distribution.

Once the JPDF of D,,;, and D, is computed at the root node of
the PTT, it can be used for computing the probability distribution of
clock skew. We simply enumerate all possible pairs (D, D,,..) of
the JPDF and for each pair compute the associated skew s = D, -
D,in- We then update the probability of occurrence of this skew with
the probability of occurrence of the pair (D,,;, D), The algorithm
is shown in pseudo code in Figure 6. The complexity of the algo-
rithm is O(nz) where n is the number of discretizations.

Since a JPDF of D,,;, and D, is obtained for all nodes in the
PTT during the bottom-up traversal, it is possible to compute the
skew distribution for individual sub-trees in the PTT with minimal
runtime overhead. This allows the designer to compare the expected
varnability of different parts of a clock tree which can be helpful to
determine which parts are most prone (o process variations. The pro-
posed algorithms therefore provide not only a way for predicting the
expected clock skew in manufaciured die, but also a means to guide
the designer in improving the robustness of the clock tree to process
variations.

4 EXPERIMENTAL RESULTS

The proposed method for statistical clock skew computation was
implemented and tested on a number of clock tree benchmark cir-
cuits, including a large industrial clock tree from an industrial high
performance microprocessor in 130 nm technology. The other clock
tree benchmark circuits were synthesized with varying number of
levels and sinks to examine the operation of the algorithm under dif-
ferent configurations. Gate delay PDFs with standard deviation of
10-15% of the mean delay were used. Gaussian distributions trun-

cated at their 30 point were used for the PDFs. We also imple-
mented Monte Carlo simulation to obtain the skew distribution for
comparison with our proposed method.

1, Initialize p(s} to zero for all §
2. For each D, from {0,1,2,....m} |

3. Foreach D, from {0,1,2,...n} {
6. §= Dy - Din

7 P(s) = pis) + PilDmins Dimay)

8 }}

Figure 6. Skew Computation Algorithm

The results for the proposed algorithm and Monte Carlo simula-
tion are shown in Table 1. Columns 2 and 3 show the number of sink
nodes and the number logic levels for the tree, respectively. Column
4 shows the average and maximum number of fanouts for the tree.
The industrial test case is circuit T7 with 12,000 sink nodes and a
maximum fanout of 500, Columns 5 and 6 show the mean and 9%
confidence value of the computed skew using Monte Carlo simula-
tions and the proposed algorithm, while the last column shows the
percent error between the mean and 99% confidence points obtained
by our approach and Monte Carlo simulation. Approximately 10,000
simulations were used to achieve a good accuracy with Monte Carlo
simulation. The maximum error is negligible, demonstrating the cor-
rectness of the proposed approach. In column 7, the run-time in sec-
onds for our algorithm is shown, which includes parsing the
benchmarks, generating PDFs for the edge delays, bottom up propa-
gation of JPDFs and skew computation. Figure 7 shows a plot of the
skew CDF for clock tree T3 while Figure 8 shows a 3-D representa-
tion of the JPDF of Dy, and D, at the root of clock tree of T7.

In Table 2, we show a comparison between our algorithm, worst-
case skew analysis and traditional case-analysis. In worst-case skew
analysis, a deterministic delay is assigned to each gate within its +/-
90% or +/- 99% confidence point range. The delay of each gate is
independently chosen from this range such that the Lotal skew of the
clock tree is maximized., The results are shown in column 3 and
demonstrate that worst-case skew analysis can significanly overesti-
mate the likelihood of skew, with overestimates ranging from 22 to
over 100%. In traditional case-analysis, we again perform a deter-
ministic analysis but this time we use case-files and all gates are set
at their 90% or 99% delay values. The results are shown in column 5
and demonstrate that case-analysis is highly optimistic since it
ignores the mismatch between drivers due to intra-die process varia-
tion.

ol
ar
oal

fosk

aa

o.zf

ot

5] 20 20 3 B0 an 70 ) %0
O anw

Figure 7. CDF of skew for clock tree T3

Figure 8. JPDF of D,;, and D, for clock tree T7
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Table 1. Results of our algorithm and monte carlo

Circuit Monte Our %
Carlo Algorithm nm error of
tree | #sink | # [|avg/max mean/ mesn/ | time mean/
no. | nodes |levels| fanouts | 99% Pt 9% pt. | {5) 99% pt.
(ps) ps)
T 16 [ .42 | 31275078 [31.21/51.06] 0.1 [0.19/030
T2 | 120 7 1.7/6 | 49.82/69.29 | 49.76/68.92 0.12/0.53
T3 | 1200 5 1.9/50 | 51.86/64.16151.03/64.20) 3 | 0.13/0.20
T4 | 2400 5 | L9100 | 52.45/64.19 {52.43/64.15 0.04/0.07
T5 | 48001 § |1.9/200 | 53.96/64.99 (53.90/65.25] 8 | 0.11/0.39
T6 | 6000 5 2/250 | 53.20/64.54 | 53.25/64.67| 14 | 0.09/0.20
T7 112000] 5 2500 1 54.45/65.39 | 54.49/65.38 | 28 | 0.08/0.02

Table 2. Results of our algorithm, worsi-case and traditional
case analysis

Ckt Apalysis for 90% / 99% confidence points (ps)
Worst-Case Traditional
tree 01.1r skew case
1o, algorithm analysis Feerror analysis JoerTor
T1 [30.73/51.06 | T00/105 1527106 | 1.70/2.22 1-9577/-95.6
T2 |58.25/68.62 | 120/130 | 106/88.6 | 2.73/3.93 |-95.3/-942
T3 ]57.44/6429 15185 30.5/322 | 2.05/339 |-96.4/-947
T4 |57.58/64.15 T0/80 21.5/24.7 [ 1.88/2.82 | -96.7/-94.9
T5 |59.02/65.25 75/85 27.0/30.2 | 1.95/3.26 |-96.6/-95.0
Te | 58.39/64.67 70185 19.8/314 | 1.91/3.18 |-96.7/-95.1
T7 |59.27/65.38 THRG 18.1/223 1 184282 | 96.8/-956

5 CONCLUSIONS

In conclusion, we have presented a method for modelling the
effects of process variations on clock skew. We have shown how the
distribution of the clock skew can be efficiently obtained from the
joint probability distribution function (JPDF) of minimum and maxi-
mum clock tree delay. We proposed an algorithm which is linear
with circuit size, and demonstrated the efficiency of the algorithm.
We verified the correctness of our algorithm by comparing with
Monte Carlo simulations. We also compared our statistical approach
with worst-case skew analysis and case-analysis and demonstrated
the importance of statistical analysis of clock tree skew.
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